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Abstract: In this study, we explore the properties of
pre-Hilbert and absolute valued algebras, shedding
light on their fundamental characteristics. A real
algebra is considered a pre-Hilbert algebra when its
norm 1is derived from an inner product. On the other
hand, absolute valued algebras are those whose norms
satisfy the equality condition ab = a 4 for all a,6 €4. We
investigate the relationships between these algebraic
structures, and we extend Rodriguez's theorem to more
general scenarios.

Specifically, we demonstrate that if a two-dimensional
real algebra is considered, it can be isomorphic to a new
class of two-dimensional pre-Hilbert algebras.
Furthermore, when dealing with algebraic algebras
containing nonzero central idempotents, we establish
equivalences between the flexibility of the algebra, its
degree, and its orthogonality properties within certain
vector spaces.

This research contributes to a deeper understanding of
the algebraic structures and their interplay, providing
insights into the fundamental properties of pre-Hilbert
and absolute valued algebras.
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1 — Introduction

Let A be a non-necessarily associative
real algebra which is normed as real
vector space. We say that a real algebra
is a pre-Hilbert algebra, if it’s norm
come from an inner product (.|.), and
it’s said to be absolute valued algebras,
if it’s norm satisfy the equality ab=a b
, for all a,b €A. We recall that the set of
pre-Hilbert absolute valued algebras is
contained in the set of pre-Hilbert
algebras satisfying the identity a2 = a 2
for all a € A. Note that, the norm of any
absolute valued algebras containing a
nonzero central idempotent (or finite
dimensional) come from an inner
product [2] and [3]. We assume that 4 is
pre-Hilbert algebra, without divisors of
zero and satisfying a2 = a 2 for all a€A .
An interesting Rodriguez’s theorem [¢]
assert that every two-dimensional real
absolute valued algebra is isomorphic
to ¢ ¢ *C or q: (the real algebras
obtained by endowing the space ¢ with

the product x » y = ¥y, x * y = xy, and x  y = x y respectively). We extend the above mentioned theorem
to more general situation, indeed, we prove that if A has dimension two, then 4 is isomorphic to a new
classes of two-dimensional pre-Hilbert algebras (section 3). Also we show, in section 4, that if 4 is
algebraic algebra and contains a nonzero central idempotent f such that fa = a and a2 < a 2 for all
a€A, then the following assertion are equivalent:
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i) Ais flexible.
i) A has degree two and if {f,u, v} is an orthogonal family, then {f,u, v, uv}is too, where u,veV:=
{w e Al(w|f) =0}
And the counter example is given. Moreover, we prove that if A contains a nonzero central idempotent
fsuchthat fa=a and a2 < a 2 for all a€A, then the following statements are equivalent:

1. A is power commutative 2.4 is third power associative
3.4 is algebraic of degree two.
2. — Notation and preliminaries results

In this paper all the algebras are considered over the real numbers field R.
Definition 2.1 Let B be an arbitrary algebra.

i - g is called flexible, if it’s satisfy the identity (x,y,x) =o for all x,y € B (where (.,.,.)=0 denote the
associatore).
i - We say that pis third power associative, if it’s satisfy the identity (x ,x,x) =0 for all x € B. iii -

is said power commutative if any sub-algebras generated by a single element is commutative.

iv - Bis called a division algebra if the operators Lx and Rx of left and right multiplication by x are
bijective for all x eB\{0}.

v - An element a in B is said to be algebraic (of degree n) if the sub-algebra B(a) generated by a is finite
dimensional (of dimension » ). We say that g is algebraic if all its elements are algebraic. B is said to be
algebraic of bounded degree if there exist a non-negative integer number n such that dim B<m for any
element a in B. If this is the case, then the small such number m is called the degree of B. Clearly every
finite-dimensional algebra is algebraic of bounded degree. The (1,2,4,8) theorem show that the degree
of every finite-dimensional real division algebra is 1,2,4 or 8.

We need the following relevant results:

Proposition 2.2 [1] If {xi} si a set of commuting element in a flexible algebra A over a field
characteristic not two.

Then the sub-algebra generated by the {x:} is commutative.

Theorem 2.3 [5]. Let A be a real commutative algebraic algebra without divisors of zero, then dim A <
2. Lemma 2.4 [7]. Every algebra in which x2=0 only if x=0, contains a nonzero idempotent.

3 — Two dimensional pre-Hilbert algebras, satisfying ||a?|| = [|a||?

Firstly, we would like to consider the general situation of a two-dimensional real algebra A. let {¢, ,¢,}
be a basis of 4 and a, B, 4, u,a’,8’,2",u” ER . The product in 4 is determined by the multiplication table

€1 €2
€1 aei+fe Aei+ues
ez a’ei+fes Aei+u'es

1)
Theorem 3.1. The algebra 4 determined by the table (1) is division algebra if and only if 1) 4(au—p21)
(@' —B'A)> (@’ ptap’ —B' A—BA")2
2) 4(ap’-pa’) (A’ -pr")>(a p—ap’ —p' A+pA")2.
Proof. Let (¢, ,¢,} be a basis of 4 such that the multiplication of A is given by the table (1). Then for an
arbitrary element a = xe: +ye- in 4, we have
L,(e;) = (xa + ya ), e1 +(x,8+y,8' )e> and L,(e;) = (x,{ +yi )' e1 +(x,u+yu')ez
So the matrix of L. in the above basis can be expressed as follow
xa+ya' xA+yd'

Lo = (xﬁ +yB" xu +yy')
We have
det(Mia) = x2(au—PA)+xy(a’p+ap'-'A-A)+y(a’'y'-p’2’)
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So A is a division algebra if and only if det(Mis)#0, which is equivalent to 4(au—p2)
(a’'u'-B'A")>(a’u+ap’-p’'A-BA")2
By the same way we have the right multiplication of a, R.is invertible if and only if det(Mrq)+0, which
is equivalent to 4af —Ba A —pA > ap—au —BA+pA 2
Let Ai(y,6),A=(y,6), and As(y, 6), be the real pre-Hilbert algebras defined by the multiplication tables
(2), (3) and (4) respectively, with (y,5) ERxR* (R*: the set of nonzero real numbers). And let {e,u} be
an orthonormal basis (where e is a nonzero idempotent)

e u
e e ye + du
u | -ye—ou e
(2)
AI(V,5)
e u
e e ye + du
u —ye+(2-6)u —-e
3
A2(%5)
e u
e e ye + 6u
u —-ye—(2+8)u | -e
4
AS(V75)
Remark 3.2 i) The real algebra given

by table (2) is a division algebra for all (y,6)€ RxR* ii) The real algebra given by table (3) is a division
algebra, if and only if, y2+6§2 < 2§ iii) The real algebra given by table (4) is a division algebra, if and
onlyif y2+482<-26

Proof. Consequence of the theorem 3.1 (]
Lemma 3.3 The algebras Ai(y,6),4=(y,5), and As(y,06) satisfies the identity a2 = a 2 for all a€A and (y,6)
ERxR*,

Proof. According to remark 3.2, 41(y,6), with y,§ € R*, is a two-dimensional real division algebra. And
let a € Ai«(y,5), can be written as a = e + u (where {e,u} is an orthonormal basis of Ai1(y,5)). So by a simple

calculation we have a2 = a 2, similarly proof for the others cases A2(y,5), and 43(¥, 6).
Lemma 3.4 Let A be a real pre-Hilbert algebra, without divisors of zero, and satisfying a2 = a 2 for all
a € A. Then the following equalities hold for all orthogonal elements x,y €A:
1) (x%|xy + yx) =0

)ley +yx|I* +2(x|y*) = 2lIx|I*llyll?
2
Proof. The equality ||x?||? = (]|x||?)%gives meaning to a polynomial p with real coefficients of degree < 3
in 2,
identically null, such that:
P(A) = 2(x*|xy + y)A° + (llxy + yx|l* + 2(c*[y*) = 2[x[I*llyl1° )A* + 2(y?|xy + yx)A.
Thus 1) (x2|xy + yx) = 0

lxy + yxI* + 2(x*ly?) = 2[lx|I*[lylI*

2). m]
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Now we can state our main result in this section

Theorem 3.5 Let A be a two-dimensional real pre-Hilbert algebra, without divisors of zero, and
satisfying a2 =az2for all a€A. Then, 4 is isomorphic to 4i(y,5),42(y,6), or As(y,d) for all (y,6) € R x R*
, such that y2+62< +26.

Proof. According to lemma 2.4, Ais a two-dimensional real division algebra, containing a nonzero
idempotent e. And let {e,u} be an orthonormal basis of 4. Then there exists y,y’€ R and §,6" € R*, such
that eu=ye+o6u and ue=y’e + 6’u.

We have eu+ue=(y+ y")e+(6+8")u, which means by lemma 3.4 (1) That y = -y’ and eu + ue = (6 + 6")u.
Since

0 = (u2|eu + ue) = (6 + §")(uz|u),

Then eu + ue = 0 or u2= +e, we distinguish the following cases.

case 1: If ue + eu = 0, then by lemma 3.4 (2) we have (e|u2) =1,s0||ju? —¢||* = 2 —2 = 0. Consequently
u? = e, thus 4 is isomorphic to Ai(y,5).

case 2: If u2=- e, then (§ + 6")2= 4 (lemma 3.4 (2)). Thatis 6 +d6" =20rd+6' =-21)Ifd+85 =2
then 6’ = 2 — §. So A is isomorphic to A-(y,0).

ii) If §+6” = — 2 then 6§’ = —2-4. So 4 is isomorphic to 43(y,9). []

We get the following results.

Corollary 3.6 Let A be a two-dimensional real pre-Hilbert algebra, containing a nonzero central
idempotente, without divisors of zero and satisfying a2 = a 2 for all a€A. Then 4 is isomorphic to¢ ,, ¢

Proof. According to theorem 3.5, the algebra 4 is isomorphic to Ai(y,5),4=(y,8) , or As(y,5) for all
(y,6) ERxR*, such that y2 +§2 <+248. Since ¢ is a central idempotent, then we have the following cases:
i) If A is isomorphic to Ai(y,5), then eu = —ue which is absurd.

ii) If A is isomorphic to A-(y,5), then y = 0 and § = 1. So 4 is isomorphic to C

* iii) If 4 is isomorphic to A3(y,5), then y = 0 and § = —1. So 4 is isomorphic to C. []

Corollary 3.7 Let 4 be a two-dimensional real third power associative pre-Hilbert algebra, without
divisors of zero and .satisfying a2 = a 2for all a € A. Then 4 is isomorphic to C or C.

Proof. According to theorem 3.5, the algebra A is isomorphic to Ai(y,5),4=(y,6) , or As(y,6) for all
(y,6) ERxR*, such that y2+§2 <+28. The identity (u,u,u) = 0imply that eu = ue, so ¢ is a nonzero central

idempotent. We conclude that 4 is isomorphic to ¢ or ¢ (Corollary 3.6). []

Now we conclude the theorem of A. Rodriguez

Corollary 3.8 Let 4 be a two-dimensional real absolute valued algebra. Then A is isomorphic to
C,C*, *C or C

Proof. Since 4 is a finite-dimensional real absolute valued algebra, then 4 satisfying a2=az2foralla €
A. and it’s norm comes from an inner product [2]. Using theorem 3.5, the algebra 4 is isomorphic to
Ai(y,06),A2(y,0), or

As(y,0)for all (y,6) ERxR*, such that y2+62 <+£2. We have

C ) = % x(Il) 0 d(C ) = 15 £ ) o0

uele = uelu = wue = an eue = euu = ule =

This imply that the two elements ue and u (respectively eu and ) are linearly dependent, thus y = o.
Therefore i) If A is isomorphic to Ai(y,5), then the identity eu = —ue =+u imply that A4 is isomorphic to
C* or =C ii) If Ais isomorphic to A2(y,5), then the identity eu = ue = u e =1, imply that, § = 1 which
means that 4 is isomorphic to ¢. iii) If A is isomorphic to A;(y, §), then the identity eu = ue = u e =1,

imply that, §=—1 which means that 4 is isomorphic to . []
4 - Pre-Hilbert algebras containing a nonzero central idempotent f such that fa=a and
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| 2] Il IPa<a
We begin with the following preliminary results.
Proposition 4.1 Let 4 be real pre-Hilbert algebra containing a nonzero central idempotent f such that
fa=a and a2 < az2forall a €A. Then the following equalities hold:
i a = a )2z 2
it) a* = 2(alf)fa + llal*= 0
Proof. i) Let a€A, having an orthogonal sum decomposition Af+u, the equality a2 2 <( a 2)2 can be

written
A2 +2Af+u2 2 <(A2 + u 2)? (1) As|Ifx|| = ||lx| then (fx|f) = (f]x)

for all x € A. The development of (1) gives

225 ((flu®) + Nlull®) + 4A(fulu®) + [lu® 1> = lull* < 0 ((flv) = 0) (2)
We replace A by —A we get

222 ((f1u?) + lull*) = 42(fulu?) + e |I* = flull* < 0 (3)
We add (2) and (3), we have

222 ((Flu®) + ull®) + 1w l1> = llull* <0 (4)

Since (4) hold for all 2eR and |[u?||? — ||u]|> < 0, then (f|u?) < —|lull
According to the Cauchy-Schwarz inequality, we have

IFle®)] < IFI?I < Qlull®

Then (f|u?) = — |lull*also  |ju?|| = |ju||? thus
(I WEHE
U+ u =u +2u u| + ul’ 2(2f) 2f=2
- 'L””4 = 2lfull® + full*

hence 42 = —||u||? £On the other hand a2 = A2f +2Afu+uz2, then
lla®(1> = 11(2% = lull®)f + 24full®

@ 21 W H o D) )
= - u +4 u u|l = u =20
= (22 + |lull*)?

= [|a|l*
Therefore a2 = a2
i1) We have

a’? = 2*f +2Afu+u?
—2f + 22f(Af + W) — |lull® f
20 (Af +uw) = (A + |lul®f

[]

= 2(fla)fa — |lall® /-

Remark 4.2 LetV = {u €A | (u|f) = 0}, then the following equalities hold:
DV = {u € A|u? = —|[ul|l*f }il) uv + vu = —2(u|v)f for all u,veV .
iii) The product x Ay = xy — (xy|f)f for all x,y € V endows V of an anti-commutative algebra structure
Proof.
i) According to proposition 4.1 (i). i) Let x,y € V, we have x+y € V. Then (x + y)? = —||x + y||? f thusxy
+ yx = —2(x|y)f.iii) Let x,y €V, we have
xxAy +y Ax = xy = (xy|f)f + yx = (yx[)f

=xy +yx — (xy + yx|f)f

= —2(x[y)f + 2(x[y)f

=0 []
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Lemma 4.3. Let 4 be a real pre-Hilbert algebraic algebra of degree two, without divisors of zero and
containing a nonzero central idempotent f such that fa =a and a2 < a2for all a€A. Then A (f,v) = A
(v) is isomorphic to ¢ ., ¢, for every v € V.
Proof. It suffices to prove that fv = v or fv = —v for every v € V, without loss of generality we will
assume that
v # 0, according to remark 4.2 (i), v? = —||v||* f. since A is algebraic algebra of degree two and satisfying
a2 = a 2for all a €A (proposition 4.1 (i)), then by corollary 3.6 4 is power-commutative algebra. It is well
known that (aa2)a = a(a2a) for any element g in 4, hence

v(v®v) = —|lvll*v(fv) and (v*v)v = —|lv||*(fv)v-

Sov(fv) = (vf)v,as llvfll = Ifvll = llvll and (fv|f) = WfIf) = wlf) = 0,then (vf)2=v2=

—lwl% f. So fv = vor fv = —v, thus A(v) is isomorphic to ¢ or ¢. []

In the next theorem we give some conditions implying that the real pre-Hilbert algebra to be flexible
algebra.

Theorem 4.4. Let 4 be a real pre-Hilbert algebraic algebra, without divisors of zero and containing a
nonzero central idempotent f such that ||fa|| = ||a|| and ||a?| < ||a|*for all a € A. Then the following
assertions are equivalent:

i) A1ls flexible;

American Review of Mathematics and Statistics, Vol. 10, No. 1, June 2022
ii) A has degree two and if {f,u,v} is an orthogonal family, then {f,u,v,uv} is too, where u,v €V .
Proof. i)=ii) Assume that Ais flexible algebra, according to proposition 2.2 and theorem 2.3, 4 has
degree two. Let w:=uv — (uv|f)f - (uv|wu - (uv|v)v, where u,v €V, without loss of generality we
assume that
w=0. We have
wl|f)=wl|w) =Wwlv)=0

Since Ais flexible and uv + vu = 0 (remark 4.2 (ii)), then

0 =uw + wu = 2(uv|u)f + 2(uv|flu

This gives us (uv|u) = (uv|f) = 0, similarly (uv|v) = 0. Thus {f,u,v,uv} is an orthogonal family.

ii)= i) Let x,y €V such that ||x|| = ||y|| = 1and z:= y — (y|x)x, without loss of generality we can assume
that z+0, wehave (z|f) = (z|x) = 0. Then

0 = (xz|x)

= (x(y - (y[x)x)[x)
=y + [0)f[x)  (x2=-f,(remark 4.2 () = (xy|x)
The equality fa = a imply that (fa|f) = (f|a), for all a €A. On the other hand
0 = (xz|f)
= (x(y - |x)x)|f)
= (xy + 10f1f)
= (xy| ) + (x]y)
This means that (xy|f) = —(x|y), in the same way, we get (yx|f) =—(x|y). Moreover, we have
(ey)x — x(yx) = (x Ay + (xy | f)f)x = x(y Ax + (yx|f)f)
= (x AY)x + x(x Ay) + ((xy | O)f = x| )f)x
= —2(x|x AY)f + (v [)f = x| )f)x  (remark 4.2 (id) = ((y|Nf
- (x| )f)x.
=0
Since 4 is algebraic algebra of degree two, then the sub-algebras A(f,x) and A(f,y) are of dimension two
and isomorphic to ¢ ,, c(lemma 4.3). We have the following cases:
1) If r is the only idempotent of 4, then xf = fx = x for all x €A. Which means that 4 is a unit
algebra, hence for all a = Af + x and b = yf + y in A, we have
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(ab)a - a(ba) = [(Af + X)¥f + WIS +x) = Af + DI f + Af + 2]
= (xy)x — x(yx) = 0 Then Ais flexible.
2) If f is not unique, then xf = fx = —x for all x € V. Otherwise, if there exist a nonzero element y €
V such that yf = fy = y. Then
fx+y)==x(x+y)  (Lemma 4.3)
-x+y==x(x+y)
This imply that x = 0 or y = 0, which is absurd. Therefore for all a=Af+ x and b = yf + y in A, we have
(aybaa) = (Af + xayf + y’/lf + .X')
= (Afvf.x) + (Af,,%) + Oy fLAf) + (6y,Af) + (x,y,x)
Or (x,y,x) =o0and (Af,yf,x) + (x,yf,Af) = 0. Then
(a,b,a) = (Afz'y?x) + (x,y,/lf)
= A (fy)x = flyx) + (xy)f — x(yf)]
= Al-yx - fly Ax + (xy | ) + (e Ay + (xy [P + xy]
=A-yx+yAx—x Ay +xyl  ((xylf) = (x|f) = =(x|= AUx|y)f - (x[¥)f]
=0
Then A4 is flexible. O
Remark 4.5. In [4], we constructed an example of four-dimensional absolute valued algebra
containing a nonzero central idempotent of degree four which is not flexible. The last imply that the
condition algebraic algebra of degree two is necessary for 4 to be flexible.
In the rest of this section, we prove that, if Ais a real pre-Hilbert algebra, without divisors of zero and
contains a nonzero central idempotent f such that fa =a and a2 < a 2 for all a €A. Then the following
statements are equivalent:

1. A1s power commutative.
2. A is third power associative.
3. Ais algebraic of degree two.

We need the following preliminary result.

Lemma 4.6. Let 4 be a real third power associative pre-Hilbert algebra, without divisors of zero and
contains a nonzero central idempotent f such that fa = a and a2 < a 2 for all a €4, then A(v) is
isomorphic tog ,, ¢ for every v € V.

Proof. It suffices to prove that ev = v or ev = —v for every v €V, without loss of generality we will

assume that v # 0. According to remark 4.2 (i), v? = — ||v||*f as Ais a third-power associative algebra.
Then a linearization of the identity (x,x,x) = 0 gives

[x2,y] + [xy + yx,x] =0 (5) where [x,y] denotes the quantity
Xy —yXx.

By putting y = x2 in the equality (5), we get the well-known identity (x,x2,x) = 0. So (aa?)a = a(a2a) for
any element g in 4, hence

v(v?v) = —|lvl*v(fv) and (v*v)v = —|lv|I*(fv)v

So v(fv)= (vf)v = (fv)v, on the other hand ||vf|| = |Ifv|| = ||v|| and (fv|f) = (vfIf) = (v|f) = 0. Then
(vf)? =v? = —||v||? f. This imply fv = v or fv = —v, thus A(v) is isomorphic to C or C.

Note that in the general case, if the algebra 4 is power commutative. We have for every a € A the

sub-algebra Il%l) is commutative, so a2a = aa? which means that (a,a,a) = 0, then 4 is third power
associative.

In the next theorem we have the reciprocally case.

Theorem 4.7. Let 4is a real pre-Hilbert algebra, without divisors of zero and containing a nonzero
central idempotent f such that ||fa|| = ||a|| and ||a?|| < ||a||? for all a€A. Then the following statements
are equivalent:
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1. Ais power commutative;

2. Ais third power associative;

3. A is algebraic of degree two.

Proof. (1) =(2) By definition.

(2)=(3) Assume that 4 is third power associative and let v € V, we have v? = —||v||? f (proposition 4.1
(1)). By .lemma 4.6, A(a) is isomorphic to C or ¢, and consequently A is algebraic of degree two.
(3)=(1) Using lemma 4.3.
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