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Abstract: Based on the research and analysis of the 1. Introducti.on ‘ -
development status and characteristics of the Hydrogen fuel ~Composite quantile regression (CQR) is
cell vehicle industry in Jinhua, combined with the domestic proposed by Zou and Yuan (2008) for

and foreign technology development direction and industry
development trend, through extensive demand research and
the construction of a standard system, this paper guides the
technological innovation and standard creation of Hydrogen
fuel cell vehicles, and promotes the sustainable, healthy,
scientific and orderly development of the industry. In the
process of building the Hydrogen fuel cell vehicle standard
system, we should do a good job in top-level design, build a
good standard system framework, and promote the better
development of the entire standard system. After the

estimating regression coefficients in
classical linear regression models. More
recently, Kai el.(2010) considers a
general non-parametric regression
models by wusing CQR method.
However, to our knowledge, little
literature has researched parameter
estimation by CQR in diffusion models.
This motivates us to consider
estimating  regression coefficients
under the framework of diffusion

models. In this paper, we consider the
diffusion model on a filtered probability
space ([1,F,(Ft )t[o,P)

(1.1) dX:O0OMbX ¢)dt OO(X ¢ )dWr,
CI(t) Wt is the standard Brownian
motion. b([1) and[J([]) are known
where is a time-dependent drift
function and functions. Model (1.1) includes many famous option pricing models and interest rate term
structure models, such as Black and Scholes(1973), Vasicek(1977), Ho and Lee(1986), Black, Derman
and Toy (1990) and so on.

()

We allow being smooth in time. The techniques that we employ here are based on local linear fitting
(see Fan and Gijbels(1996)) for the time-dependent parameter. The rest of this paper is organized as
follows. In Section 2, we propose the local linear composite quantile regression estimation for the drift
parameter and study its asymptotic properties. The asymptotic relative efficiency of the local estimation
with respect to local least squares estimation is discussed in Section 3. The proof of result is given in
Section 4.

2. Local estimation of the time-dependent parameter

{Xt,101,2,0,n O1} 1O+ 0O00 ;1 Denote

Let the data be equally sampled at discrete time points,

introduction of various standards, we should popularize and
implement them.

Keywords: Composite quantile regression, parameter

estimation, diffusion models, option pricing, interest rate
term structure.
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Yo O Xtild1 O X #i ,006 Owtild1 OWt , and Ui O tild1 Oti.Due to the independent increment
property of Brownian motion

wt.0t gre independent and normally distributed with mean zero and variance!i. Thus, the discretized
version of the model (1.1) can be expressed as

(2.1) Y«O O(t)b( X #)O: O0O(X #)0iZs,

Zt 1/ U i.The first-order discretized

where are independent and normally distributed with mean zero and variance approximation error to
the continuous-time model is extremely small according to the findings in Stanton (1997) and Fan and
Zhang(2003), this simplifies the estimation procedure.

Suppose the drift parameter [I(f) to be twice continuously differentiable in t. We can take U® to be
local

t o, we use the approximation linear fitting. That is, for a given time point

(2.2) O(r) OO(t0) OO'(to)(t Oto)

fort in a small neighborhood of . Let " denote the size of the neighborhood and K(M) be a nonnegative
weighted function. "and (/) are the bandwidth parameter and kernel function, respectively. Denoting
Oo =0(to) and

100'o) | (2.2) can be expressed as

(2.3) O(r) OO OO (¢t Oto) .

L)

Now we  propose the local linear CQR estimation of the drift parameter
Let

k

Ok=___

U0k (») OOk dOK{rOo},k U 1,2,01,g ,which are q check loss functions at g quantile positions: g
O 1. Thus,

()

following the local CQR technique, can be estimated via minimizing the locally weighted CQR
loss

q n Ya [

(2.4) O{0O00ok{ [b(Xx)] OOk O0O:(ti Oto)}Ke(t: Oto )}

ti (It 0 ) Kh (ti OJto )=K( where " and % is a properly selected bandwidth. Denote the minimizer of the
locally weighted

(O%01,0%02,00,1%0q,1"1)T

CQRloss (2.4) by . Then, we let

q
(2.5) L' (to) L 0T ok

q kO1

We refer to [17(t0 ) as the local linear CQR estimation of[J(t0 ) , for a given time point t 0 . To obtain
the
O (0

1 ko1 i01 i S
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estimated function , we usually evaluate the estimations at hundreds of grid points.
In order to discuss the asymptotic properties of the estimation, we introduce the following assumptions.
Throughout this paper,  denotes a positive generic constant independent of all other variables.

b(0) OI(0D)
(A1) The functions and in model (1.1) are continuous.

K ()
(A2) The kernel function is a symmetric and Lipschitz continuous function with finite support
[OM, M]

h=h(n) Do nhCo,
(A3) The bandwidth and

F(O) fF(0)

Let and be the cumulative density function and probability density function of the error, g([1) [a,b]

respectively. denotes the density function of time, usually a uniform distribution on time interval
. Define

U OOuw/K(w)du, O; O0u/K?2 (w)du, j Ui1,2,0

and

1 q q [] k&'
(2.6) R(g)T. OO

g kO1k Tl f (ck) f(ck")
ck O FO1(Ok ) and Okk ' =0k OOk OO0 k k'.where
(o)

Theorem 2.1 Under assumptions (A1)-(A3), for a given time point o, the local CQR estimation
from (2.5) satisfies,

(2.7) E[O"(to) ] OO(to) OLO"(to) 02 k2 Oo(h2)
2

2
(2.8) Var[O(to) 1 O 1 ¢ 0o (Xt) R(g) Uo( 1) nhg(to)b (Xt ) nh

and, as n0U
2
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(2.9) nh{ &) OO(te) O 1 O"(to) A2} OrN(o, . OO (Xt) R(qQ))

2 g(to)b (X0 )

1 L means convergence in distribution.

Where

3. Asymptotic relative efficiency

We discuss the asymptotic relative efficiency(ARE) of the local linear CQR estimation with respect to
the local linear least squares estimation(see Fan and Gijbels(1996)) by comparing their mean-squared
errors(MSE).From

[1°(t0) .That s, theorem 2.1, we obtain the MSE

2
(3.1) MSE[O (to) 1 O [*O"(to)T2]2 0 l—zoD [lo (Xt) R(q) Qo(h4a1)

2 nhg(to)b(Xw ) nh

We obtain the optimal bandwidth via minimizing the MSE (3.1), denoted by

hopt (to) ] O [ OOo2(Xto)R(g) —  115:.751
;(to)b (2Xt0 )O"(to)2 ]

LI(t°) , denoted by [1'ZS(to) ,is The MSE of the local linear least squares estimation of

2
(3.2) MSE[1s(to) 1 O [* 0" (o) H2]2h4 [ 1—?0D Llo (X1t) Oo(hsaO1)

2 nhg(to)b(Xw ) nh
and the optimal bandwidth is

OO2(X) 1 1 &
opt

hLS (to) ] OO [ 2 2 |n
g(to)b (X0 )[1"(to)2]

o
of]

i%y straightforward calculations, we have, as nUU |
MSE[O" 15 (o) 1 O [R ()17

MSE[["(to) ]
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Thus, the ARE of the local linear CQR estimation with respect to the local linear least squares estimation
is

4

(3.3) ARE(O (to),0"1s(t0)) O [R(q)]

(3.3) reveals that the ARE depends only on the error distribution. The ARE we obtained is equal to that
in Kai el.(2010).

ARE(I°(t0),[1°LS(t0)) for some commonly seen error distributions. Table 1 in Kai Table 3.1 displays
el.(2010) can be seen as ARE for more error distributions.
Table 3.1: Comparisons of ARE([1"(to ),[1"LS (to )) for the values of g

Error gl gqUs5 gUoqU19 g o9
N(0,1) 0.6968 0.9339 0.96590.9858 0.9980
Laplace 1.7411 1.2199 1.1548 1.0960 1.0296
0.9N(0,1) 4.0505 4.9128 4.70693.5444 | 1.1379
Jo.1N(0,102 )

From Table 3.1, we can see that the local linear CQR estimation is more efficient than the local linear
least squares estimation when the error distribution is not standard normal distribution. When the
error distribution is

N(o,1) and ¢ O 1,5,9,19,99 , the ARE(1"(to ),[1"LS (t0 )) is very close to 1, which demonstrates that
the local linear

CQR estimation performs well when the error conforms to the standard normal distribution too.

4. Proof of result

[1S11 S12 [

SO0

In order to prove theorem 2.1, we first give some notations and lemmas. Let Ds21 S22 "and
O 120

OO O

021 O 2200, where S11 is a gL1q diagonal matrix with diagonal elements f (ck ),k [J1,2,[1,q,

q

SO0 f(e)

S12 U (O1f(c1),d1f(c2),0d,001f(cq )T, S21 [ S12T and 22 2[1k[11 k. [ 11 is a gL1q matrix with
(k,k") -

UO0o k k' kk' U 1,2,0d,q, (12 O (H10kq'01001k " ,0100gk 'Ui02k ' ,0,010kq'T10gk ' )T
L21=[12' O22 O0O200kgk 'U10kk!

element , and.

00 O) OO
N w0 nhOO0 OO0 w© ¢

k ok 0 k 1 0 ,
Furthermore, let OO b(X:0) OO , Oo O hnhOO OO (¢) O
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10 tillto [T di, k Oi,k O Ouk O ck O O O0ri

I v O0Ob(Xti) bXto) OO withri O O(x) OO(to ) OO (to
and nh0O h 01 .Write )ti Oto ) .
U0 O ) OXto )OI O
Define 1,k to be ti k 1,k tt  k . Let n 11 12
1q 1(gl1) with
I T O L, wi(Ogql) O100qg anDiD,kKh(ti Uto) tilto
wik O Ui,k Kh(ti Oto),k 1,2,
nhild1 , and nhkO1ild1 h :
Lemma 4.1 Under assumption (A1)-(A3), minimizing (2.4) is equivalent to minimizing the following
term:
g U n Oi*,k Kh(ti Oto) g n Oi*,kKh(ti Oto)(ti CIto ) q

L,(O) O Ow OO O00vO0000Bn k. ()
k1 O O10 kO1 101k0O1

OO0 10z0c0Od
O O O O O T
pX)HOX)OOOWO (w,w,Dw,w /)
Olors,00 (wy) 700 op (1)

2

O=(u ,u,U,u,0)
11 g with respectto  , where

O

Bn,k OOOO0O0OOm OOOOKK O Oto OO OOBOIO0 & k dd 00Xt 6 O

zbOXttn QOO -0 & k di,pb0Xt i OOOO0O0O0OdzO OO0  Sn OO0 0dSsSnn,, 1121
SSnn,,1222 [ L1010,

odOZOecO

(] U0 Oxdooxoodd oodzOeO OOx O oddoo o, O

O b0OXa OO
Sn,11 OJOOKA O Oto O O ¢ OOS11 with OO 1001 nhO X ¢ OO, Sn,21 0ISnT 12,

Sn,12 OO0 On Kh Ot Oto Ot Lto . bUIX O Ui DO OO Qe O, fOe2 0,0, f Oeq OOT
Iy} h nh] Xt 00,

Lg UOck OOn OOKA Ot Oto O(t L2to )2 bUXxUn L OO O

vox O
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Sn,22 [ f

and [ h nh( Xt O O.

kO O 0

The proof of lemma 4.1 is similar to lemma 2 and lemma 3 in Kai el.(2010).
Proof of theorem 2.1

Using the results of Parzen(1962), we have

1n Ot OtoOj
Okh Ot Otod ~ jOPgOto0ujnhilds  h

] P means convergence in probability. Thus,
where

gUteOb X1 O gUtoIb0 X100 S
OOSu O S
S.Op SO O 220
O0Xtod OOXtoOd [OS21

According to lemma 4.1, we have

LoOO00O::gOe 0 p0OXx e OO7SO00OW, 0700 o0p 10

LO0O0000wr T converges in probability to the convex function Since the convex function
1 gUto ObOXto I T

s

2 O0x O

0 , according to the convexity lemma in Pollard(1991), for any compact set, the quadratic
Leanon O

approximation to  holds uniformly for . Thus, we have

" OO0 gOro ObOX to O SI1Wn* Oo p 10
On

oox. O

(0]

Define Ui,k O 10zt Ock O OOk and Wn U Qwit,wi2,Hwiqw10q01 00T
with

wik Un Oi,kKh Oti OtoO,k U1,2,0,q T?Dq[ll[l U1 Og On Ui,k Kh Ot Oto O i Lto
nhill1 , and nh kU101 h

By using the central limit theorem and the Cramer-Wald theorem, we have

1
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wnr OE(Wn)
41 0O
L (gO1)O(gO1) Var(Wh)

Notice that Cov(Uik, i,k ') OUkk ' andCov(Uik,[lj,k") U o Ifi L1 j . We have

1 n 2 (i Oto)j
OKh (ti Oto) j P g(to)vj. nhill1 h

Var(W) O g(t)Od. w0 N(o,g(t))

Thus, ©. Combining the result (4.1), we have "L °, Moreover, we have
1 n

Var(wik Owik) O OKhA (ti Oto)Var(Oi,k OO,k )
nh i1
n 2 | di,k | b(Xti)
IZI LKk (ti Oto )[F(ex O ) OF(ex)] OOp (1) nh i1 OXt)
And
n q
* 1 2 tidto *

Var(wi(qU1) O wi(qU1)) O OKA (i Uto)  Var(OUOi,k OOk )
nh i1 h k1

q2 2 Lto| di,k | b(Xti)
O I:IKh (t: Oto) man[F(CkD ) OF(cx)] O0Op (1). nhiO1h OXti)

Var(w? O wn) OO P *
Therefore, (1) . Using Slutsky's theorem yields wn» L1 N (0, g(to)[1).

Thus,
O0OXto) O * L2 (Xt) 1 0O
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0.0 S E(W»r) DLN(O,—Z"S [1S) g(to )b(Xt) g(to)b (Xt)
0 (0]
So the asymptotic bias of O"(t0) is:

bias(O"(t0 )) O 1 O(Xto )i%qeleEl—l—El( Xto) eqTU1(S11)J1E(W1 * n ) g b(Xto ) k1 g nh
g(to)b(Xto )

01 O(Xto ) Oa LIXto) [nKi a1 OOF(ck O di,kb(Xto ) ) U F(ek )UO , g b(Xto ) k1 g
nh g(to)b(X to ) ilM1 kU1 f(ck) OO O(X ti) OO where

Ki O Kh(ti Oto ),eq]1 O (1,1,00, 1)Tand W1*n O(w11* ,wi2* ,..w1*q)T .

q
c [lo
z Ok , and
Note that t is symmetric, thus kU1

1 q 10 dixb(Xn) ] rbi(Xa )
O OF(e O ) O Flex)OO O (10or(1)). g kU1 f(ck) OO L(Xt) OO Ocxt)

1 1
Therefore,

1 OXto) n rbi (X ti) )

bias(O'(to)) O  OK:  (10op(1)). Since

nh g(to)b(Xto)ild1 (X ti)

n rb(X)g(t)O" (t)b(X)

1

0K @ ti[Jo o to [, h2(10opr(1)). We have
nhild1 OX t) 20X 1)
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|
2
bias(O"(to)) LO" (to)U2h2 Lor(h2).  and

L2(X)
Var[d"(to)] O 12 to 12 eqTO1(SO10S01)11eq01 Oop( 1) nh g(te )b (X :0) g nh

01 . vod2(Xt) R(q) Oop(1). nh g(to)b (X :0) nh

2

This completes the proof.
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